INTRODUCTION
This paper presents a method to define contact of boundaries from two structures which are not aligned to the predefined axes, in Comsol Multi-physics (v3.3, Comsol Ltd, Cambridge, UK). This finite element analysis (FEA) package, currently, enables contact modelling but it suffers certain limitations. For example, it assumes that time-dependency is equivalent to a range of steady state solutions where time is considered as a constant for each independent solution (e.g. to determine loading conditions). To solve this limitation, we previously reported a method to enable true timedependent contact analysis for structures undergoing large strain [1] . This method was developed because Comsol multi-physics enables simultaneous multiphysics solutions. For example, we then applied the transient contact method to both a generalised FluidStructure Interaction (FSI) model [2] and to an FSI model of the mitral valve within the left ventricle of the heart [3] . However, in its current form the developed contact method exploits symmetry about an axis of a predefined Cartesian coordinate system. A method that enables contact in a model arbitrarily aligned within a coordinate system has not yet been described for this contact method.
The aim of this paper is to provide a contact method between boundaries without the need to exploit symmetry across a predefined axis. The implementation is defined for Comsol Multi-physics.
The contact method is applied to a simple two-dimensional model resembling our previous heart valve contact model [1] . The model is solved for arbitrary positions in the coordinate system.
METHODS

Overview
The existing contact method and the modified contact method for arbitrary positioning within a Cartesian coordinate system are presented in section 2.2. The adapted contact method presented is then applied to a simple model used previously to define contacting components of a natural heart valve [1] . Sections 2.3 ~ 2.7 provide brief details of the model solved, but further explanation of the analysis is provided elsewhere [1] . For the analysis, the model ( Fig. 1) was rotated (about the x-axis) at a range of angles to test the contact method works regardless of alignment to a predefined axis. Figure 2 shows both the un-rotated model and the model when rotated by 255. Note, the contact method described assumes negligible surface sliding between contacting boundaries [2] ; however, the equations used are also suitable for contact modelling where this is not the case [1] . , g < 0 , g 0
Here  is an approximation of the contact force, C is a large constant (1 10 9 ), B is the contact force at each node. The value of g is calculated using Eq. 2.
Here the two variables x A and x P define the displacement of any node along the contact boundary as defined by Eqs. 3 and 4, respectively. Subscripts A and P refer to contact boundaries of the two separate, contacting, structures. Then
where x Ao and x Po define the initial x-axis coordinate, and x A and x P define the displacement along this axis for contacting structures/boundaries A and P, respectively.
Arbitrary Position for Contact
For contact in an arbitrary position, the gap expression (Eq. 2) is modified to Eq. 5, so that the gap normal to the contact boundaries is calculated.
Here g o defines the gap normal to the two contacting boundaries (Eq. 6), n A and n P define the normal displacement of nodes along the contacting boundaries A (Eq. 7) and P (Eq. 8), respectively. Then
where x Ao, x Po, y Ao and y Po refer to the original x-and yaxis coordinates for nodes along contact boundaries A and P, respectively.
In Eqs. 7 and 8, u A , v A , u P and v P refer to the component of displacement in the x-and y-axis directions of the contact boundaries for nodes along contact boundaries A and P, respectively, normal to the contact boundary.
The contact method requires the definition of 'boundary extrusion variables' in Comsol multi-physics. Each boundary requires node position and displacement (n A , n P and x-and y-coordinates) to be made available. In the model defined in sections 2.3 to 2.7 sliding was assumed negligible (by linearly extruding variables N 11 from one contact boundary to the other). However, the contact method presented (above) is also applicable to models where sliding is not neglected, as defined previously [1] . Note, in that case previous definitions for y-axis translation should be replaced by displacement tangential to the contacting boundaries.
Geometry
The model solved under contact conditions consists of two rectangles of equal length (20mm) and width (1mm). The two structures were placed 4mm apart (Fig. 1) . This geometry mimicked conditions for contact of certain heart valves [1] ; further details for the valves chosen are provided elsewhere [4] . The model was rotated clockwise from the origin of the coordinate system with respect to the x-axis (parallel to the contacting boundaries in the un-rotated model), by 15, 30, 45, 60, 75, 90 and 255 (Fig. 2) .
Boundary Conditions
Contacting structures were restrained at their shorter boundaries, contacting boundaries had contact conditions applied (section 2.2), and a force was applied to the remaining boundary of each structure (Fig. 1) . A force per unit area of 20kN/m 2 was applied normal to the boundary (assuming a thickness of 0.01m).
Material Properties
The two contacting structures were simulated as linearly elastic and isotropic, with properties determined for heart valve leaflets [5] using a protocol for testing similar components [6] . The two contacting structures had different material properties. One structure (A in Fig. 1 ) had a Young's modulus of 2MPa, but the other structure (P in Fig. 1 ) had a lower Young's modulus of 1MPa. Both structures had a Poisson's ratio of 0.33 and density of 1060kg/m 3 .
Meshing
The default 'normal' mesh was applied using a free meshing approach (Table 1, Fig. 2 ). The automated meshing approach led to minor differences in the number of model elements.
Analysis
FEA was performed using the structural mechanics package of Comsol multi-physics (v3.3, Comsol Ltd, Cambridge, UK). This package enables large deformations to be calculated and determines Green strains and Cauchy stresses. A direct UMFPACK solver was used for all solutions. Further solver settings were consistent with those applied in a previous study [1] .
RESULTS
The stiffer structure deformed the least of the two contacting structures (Fig. 3) . Stresses in the deformed structures concentrated at their restrained edges (Fig. 3) . Peak von Mises stress was 946kPa when the structures were oriented at 0. This peak stress ranged from 941kPa to 947kPa with model orientation, with the higher value at 60 orientation ( Table 2 ). The minimum value varied between 6.8kPa to 7.9kPa (Table 2) . Cauchy stresses and Green strains are oriented along the x-and y-axes of the coordinate system. Therefore, these varied with the model orientation. However, equivalent values on opposing axes were predicted by models which were mirrored along an axis (Table 2 ). For example, at an orientation of 15 peak Cauchy stresses were 1019kPa and 423kPa along the x-and yaxis, respectively, compared to 423kPa and 1019kPa respectively when the model had an orientation of 75.
Contact occurred over most of the contacting boundaries, except towards the edges. Peak contact pressure occurred towards the central portion of the contact boundaries (Fig. 4) . Peak contact pressure was 23kPa. This value varied with orientation from 22.66kPa and 22.77kPa depending on the model orientation (Table 2) .
Contact pressure was symmetrically distributed along the contacting boundaries (Fig. 5) . Peak contact pressure occurred at 7mm and 13mm along the boundary length. At 3mm and 17mm along the boundary length the contact pressure fell to virtually zero (Table  2 ). This was independent of the orientation of the leaflets with respect to the x-and y-axes.
DISCUSSION
This paper provides a method to define contact between boundaries where the structures are not aligned to the predefined axes in Comsol Multi-physics. The need for improved contact modelling with this software has been previously defined, in terms of limited transient contact modelling [1, 7] . Due to such limitations, a method to enable transient large strain contact modelling was developed [1] . However, this method required symmetry about an axis. In this paper, we provide a method to enable such contact without assuming symmetry.
The results presented demonstrate that overall model predictions did not change with model orientation. The differences between models, e.g. 0.11kPa for contact pressure and 6kPa for von Mises stress, are likely due to the minor differences in the number of elements between models. This is due to the use of an automated mesh. However, these differences were minimal given the predicted values (i.e. differences of 0.4 and 0.6 for peak contact pressure and stress, respectively). This demonstrates that the contact method is consistent regardless of orientation. However, any model that applied contact modelling would require subsequent validation. When compared to our study with a comparable model [1] , minor differences were predicted. In this current study peak von Mises stresses were in the range of 0.95MPa, in the previous study such stresses were 1.2MPa. Peak contact pressure in this study was 23kPa, compared to around 30kPa in the previous study. These differences are likely caused by neglecting sliding in this current model. When sliding is not accounted for, deflection parallel to the contact boundary leads to an underestimation of the gap between contact boundaries, thereby underestimating the contact pressure. In our current model, stresses and contact pressure were lower than in the previous model where sliding was accounted for; i.e. consistent with sliding being ignored in the current method. This simplification has been used to provide clarity when describing the contact method between structures with an arbitrary location with respect to a coordinate system. The intention is to aid readers aiming to implement this contact method. However, the method presented is compatible with the transient contact analysis that accounts for sliding, as defined previously [1] .
The contact method was originally developed to enable our time-dependent heart valve multi-physics model [8] to include contact modelling [3] . However, the method is not limited to heart valve modelling and, in principle, the method is applicable to objects with more complicated geometries than for the example in this paper. For example, this method can be applied to modelling joints in the body which have complicated three-dimensional shapes [9] . This is because these joints are covered by articular cartilage which, despite large deformation when in contact with an opposing surface, allows smooth motion and has a surface roughness of 165 to 174nm [10] . More widely, though, difficulties for contact modelling of elasto-plastic materials have been reported [7] . The contact method described is of most use for contact modelling where time dependency is important. Therefore, modelling of viscoelastic materials and their properties and their time-dependency during contact is another potential application of this contact method.
The contact method presented has been developed using Comsol multi-physics due to its capabilities for multi-physics modelling, and this method is compatible within any combination of multi-physics problems allowed using that software. However, as the contact is described using equations, this contact method can be used in most finite element packages.
